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Abstract. The Erlang distribution is a special case of the Gamma distribution with the k
shape parameter and the λ rate parameter. In this study, the parameter estimation of the
Erlang distribution was carried out using the Maximum Likelihood method. In
maximizing the function, an implicit and non-linear form is obtained, then it is solved
using the Newton Raphson algorithm. Apart from Newton Raphon, the estimation of
parameters was also carried out using the Fisher Scoring algorithm. The Fisher Scoring
algorithm is similar to the Newton Raphson algorithm, the difference is that Fisher
Scoring uses an matrix information. The result of parameter estimation in Erlang
distribution using Newton Raphson algorithm which is applied to outgoing telephone call
data that generated by Matlab R2010a software cannot be done simultaneously.
Therefore, the parameter assessment is carried out on the k parameter first, then followed
by the λ parameter estimation and the parameter = 7 and = 0.6886812 are obtained.
Meanwhile, the parameter estimation using the Fisher Scoring algorithm produces an
equation that is not different from the Newton Raphson algorithm
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Abstrak. Distribusi Erlang merupakan salah satu kasus khusus dari Distribusi Gamma
dengan parameter bentuk k dan parameter tingkat λ. Pada penelitian ini dilakukan
penaksiran parameter pada distribusi Erlang dengan  metode Maksimum Likelihood.
Dalam memaksimumkan fungsi diperoleh bentuk yang implisit dan tidak linier, maka
diselesaikan dengan menggunakan algoritma Newton Raphson. Selain Newton Raphon,
penaksiran parameter juga dilakukan dengan algoritma Fisher Scoring. Algoritma Fisher
Scoring mirip dengan algoritma Newton Raphson, perbedaannya adalah Fisher Scoring
menggunakan matriks informasi. Hasil penaksiran parameter pada distribusi Erlang
dengan menggunakan algoritma Newton Raphson yang diaplikasikan pada data
panggilan keluar telepon yang dibangkitkan melalui software Matlab R2010a tidak dapat
dilakukan secara serentak. Oleh karena itu, penaksiran parameter dilakukan terhadap
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parameter k terlebih dahulu kemudian dilanjutkan dengan penaksiran parameter λ dan
diperoleh parameter k = 7 dan λ = 0,6886812. Sedangkan penaksiran parameter dengan
algoritma Fisher Scoring menghasilkan bentuk persamaan yang tidak berbeda dengan
algoritma Newton Raphson

Kata kunci: Algoritma Fisher Scoring, Algoritma Newton Raphson, Distribusi Erlang,
Metode Maksimum Likelihood, Penaksiran Parameter

INTRODUCTION

Parameter estimation is part of inferential statistics which is a way to predict the

characteristics of a population based on the sample taken. The assessment carried out

must be justified which is stated with the level of confidence from the estimated results

obtained. A good estimator must fulfill several characteristics of an estimator desired by

an opportunity, namely unbiased, efficient, and consistent.

In its application, the estimation method is used to estimate the parameters of a

probability distribution. The probability distribution consists of a discrete probability

distribution and a continuous probability distribution. The Erlang distribution is a special

case of the Gamma distribution which comes from a continuous probability distribution

with parameters of the form ∈ (N is a natural number) and rate parameter > 0 or

can be written ~ ( , ) with continuous random variable . The Erlang

distribution can also be said to be an exponential family distribution with parameter

(Oliver,2013). The choice of the Erlang distribution of the Gamma distribution system is

explained by its use in queuing theory. Research on the characterization and measurement

of weighted Erlang distribution information and concluded that the weighted Erlang

distribution provides better results and estimates compared to the Exponential distribution

on the data used (Sofi & Ahmad,2017)

There are several methods used in estimating the parameters including the

Moment method, Maximum Likelihood method, and Bayes method. The maximum

likelihood method is an efective and important approach for parameter estimation (Yang,

et all, 2019). The Maximum Likelihood method is the method most often used in research.

This is because the Maximum Likelihood method is related to numerical ability,

especially in generating a solution point in an equation or function. If in maximizing a

function an implicit and non-linear form is obtained, it can be solved using the Newton

Raphson and Fisher Scoring algorithms. A study obtained the results of parameter
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estimation from geographically weighted ordinal logistic regression using the Fisher

information matrix with Maximum Likelihood (Widyaningsih et al, 2017)

Research on the Fisher Scoring method for incomplete data and stated that

researchers tend to be interested in using the Fisher Scoring method compared to the

Expectation Maximization algorithm in an empirical context (Takai, 2020). In addition,

a study also uses Prior Information to estimate the parameters of the Erlang distribution

(Sarma et al, 2019).

LITERATURE REVIEW

Parameter Estimation and Opportunity Distribution

Parameters are values that follow reference information or information that can

explain the limits or certain parts of a system of equations. Estimation is the whole process

that uses an estimator to produce an estimate of a parameter. An estimate is a statement

about a known population parameter based on a population from a sample taken at

random from the population in question. So with this estimation, the population parameter

estimation can be known (Harinaldi, 2005). The probability distribution can be

interpreted as the magnitude of the probability of each outcome arising from a random

experiment.

Gamma Distribution

Let is a continuous random variable with Gamma distribution with parameters

and , the probability density function is given as follows:

( ) = 1Г( ) , > 0, > 0, > 00 others= shape parameter, dan = scale paremeter (Walpole,2012).

The Gamma function is defined by:

Г(α) = x e dx for α > 0 (Harinaldi, 2005)
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Erlang Distribution

Continuous random variable is said to have Erlang distribution with shape

parameter ( ∈ ) and rate parameter ( > 0) is ~ ( , ). If the probability

density function is written with the symbol ( ) so:

( ) = ( − 1)!0 others (Veerarajan, 2008) ; > 0, > 0 dan ∈
Maximum Likelihood Method

The Maximum Likelihood method is one way to estimate unknown parameters.

Let , , … , is a random sample of size from a distribution with pdf ( | ),
dependent on ∈ , is called the parameter space (Bain & Engelhardt, 1992).

Therefore , , … , is a random variable, shared pdf of , , … , with =
, = ,… , = can be expressed as:( , , … , | ) = ( | ) ( | ) … ( | )

Then the Likelihood function of the sample is:( , , … , | ) = ( )
Newton Raphson Algorithm and Fisher Scoring Algorithm

Newton Raphson's algorithm is derived from a quadratic approximation of the

Loglikelihood objective function through the derivative of a linear estimate (Bain &

Engelhardt, 1992). Newton Raphson's algorithm estimates ′( ( )) using the Taylor series

expansion by ( ) as follows:′( ≈ ( ) + H( ( )) − ( )
H ( ) is the Hessian matrix or the second derivative matrix of the sum of the

squares of each parameter defined by:
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( ) =
⎣⎢⎢
⎢⎢⎢
⎢⎡ ……⋮ ⋮ ⋮⋱ ⎦⎥⎥

⎥⎥⎥
⎥⎤

Assuming the Hessian matrix is invertible or has an inverse, then the equation can
be modified to:( ) = ( ( )) − H ( ) ( )
′ ( ) is the first derivative of Loglikelihood.

The Fisher Scoring algorithm is similar to Newton Raphson's algorithm, the difference is

that Fisher Scoring uses an information matrix.

Phone Outgoing Call Duration Data

In this study, parameter estimation will be carried out on the duration data of

outgoing telephone calls generated by customers on telephone traffic. The data was

obtained through simulation of data generation using Matlab R2010a software.
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RESEARCH METHODS

This research was conducted in the following steps:

Figure 1. Research Methods

The data used in this study are secondary data, namely data taken from existing

sources. The data in this study comes from the results of data generation simulations with

the help of Erlang-distributed Matlab R2010a software.

RESULT AND DISCUSSION

Estimation of Erlang Distribution Parameters Based on Maximum Likelihood

Method

( ) = ( )! ; > 0, > 0 dan ∈
Next, the value of the Likelihhod and Loglikelihood functions will be sought from
the Erlang distribution.

The Likelihood function of the Erlang distribution is:

( , | , , … , ) = ( , | )
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= ( )
= ( − 1)!
= ( − 1)! ∑

The Loglikelihood function of the Erlang distribution is:( , | , , … , ) = ( , | )
= ( , | )
= ( − 1)! ∑

= − ( − 1)! + ( − 1) −
Newton Raphson’s Algorithm

The second derivative of the Loglikelihood functon with respect to parameters

and or commonly called the Hessian matrix is obtained, namely:

( ) = ( , | , , … , ) ( , | , , … , )( , | , , … , ) ( , | , , … , )
= − ѱ(1, ) −

Then the equation of Newton Raphson’s algorithm with Erlang distribution is:

( ) = ( ( )) − H ( ) ( )

= − − ѱ(1, ) − ( ) ⎣⎢⎢
⎢⎢⎡ − ѱ( ) +

− ⎦⎥⎥
⎥⎥⎤
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After the Newton Raphson equation is known, we will look for the estimated value

of the and parameters of the Erlang distribution on the outgoing telephone call data.

The parameter estimation process using Matlab R2010a software produces divergent

iterations. This happens because there is a ѱ function on the first derivative and the

second derivative of the Loglikelihood function. The ѱ function comes from the

derivative of ln( − 1) ! to the parameter . Theѱ function does not apply if is negative

which means that the factorial value cannot be determined. Therefore, the estimation of

the parameter is carried out based on the Maximum Likelihood method only, and the

estimation of the parameter is carried out using the Newton Raphson algorithm. The

following is the iteration result of parameter estimation with Newton Raphson

algorithm.

Table 2. Iteration Results Parameter

Iterasi
0 15
1 2,3583446
2 0,8961033
3 115,4959012
4 4,0829355
5 1,3435294
6 0,1482646
7 0,3816560
8 0,7987290
9 3,3461581

10 1,1880751
11 -0,2518887
12 -0,3186000
13 0,3239115
14 0,6442588
15 0,6881162
16 0,6886837
17 0,6886812
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Fisher Scoring Algorithm

The following is the negative expected value of the second derivative of the

Loglikelihood function of the Erlang Distribution or called the information matrix ( ) .
( ) = − − ѱ(1, ) −

= − − ѱ(1, ) −
= ѱ(1, ) −−

So that the equation form of the Fisher Scoring algorithm with Erlang distribution

is obtained:

( ) = ( ( )) + ( ) ( )

= + ѱ(1, ) −− ⎣⎢⎢
⎢⎢⎡ − ѱ( ) +

− ⎦⎥⎥
⎥⎥⎤

From the general equation above, it is known that the general equation of the

Fisher Scoring algorithm is the same as the general equation of the Newton Raphson

algorithm. In calculating the value of the Information matrix which is the negative value

of the expected matrix formed by the second derivative of the Loglikelihood function,

there is no random variable , thus causing the value of the information matrix to be

constant.
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CONSLUSION

The estimation of the parameters and on the Erlang distribution with the

Newton Raphson algorithm cannot be carried out simultaneously because of the ѱ
function which if is negative then the iteration process cannot be carried out. Therefore,

the estimation of the parameter is carried out using the Maximum Likelihood method,

then the parameter estimation is carried out using the Newton Raphson algorithm. There

is no difference in the form of the Newton Raphson algorithm and the Fisher Scoring

algorithm in the Erlang distribution. This is due to the absence of random variables in the

calculation of the value of the information matrix, so there is no better algorithm found

between the Newton Raphson algorithm and the Fisher Scoring algorithm.
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